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ABSTRACT 
 
This work presents the solution of the steady-state heat transfer problem in a 
rectangular plate with an internal heat source in a context in which the 
thermal conductivity depends on the local temperature. This generalization 
of one of the most classical heat transfer problems is carried out with the aid 
of the Kirchhoff transformation and employs only well known tools, as the 
superposition of solutions and the Fourier series. The obtained results 
illustrate how the usual procedures may be extended for solving more 
realistic physical problems (since the thermal conductivity of any material is 
temperature-dependent). A general formula for evaluating the Kirchhoff 
transformation as well as its inverse is presented too. This work has a strong 
didactical contribution since such analytical solutions are not found in any 
classical heat transfer book. In addition, the main idea can be used in a lot 
of similar problems. 
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NOMENCLATURE 
 
H  plate width 
L  plate length 
k  thermal conductivity 
REFk   thermal conductivity of reference 
( )k T  thermal conductivity regarded as a function of 
the temperature 
q  internal heat supplyT  
T  temperature 
,x y  cartesian coordinates 
 
Greek symbols 
 
ω  Kirchhoff transformation 
 
INTRODUCTION 
 
One of the most studied partial differential 
equation is the one that represents the steady-state 
conduction heat transfer process in a body with 
constant thermal conductivity. In particular, for a two 
dimensional rectangular domain, this equation is 
mathematically represented as follows (Holman, J. P., 
1996;  Bergman, T. L., Lavine A. S., Incropera, F. P. 
and DeWitt, D. P., 2011). 
 
2 2
2 2 0 0 , 0
T Tk q x L y H
x y
 ∂ ∂
+ + = < < < < ∂ ∂ 
  (1) 
 
in which k  represents the (constant) thermal 
conductivity and q  represents the internal heat 
supply (a known function ( )ˆ ,q q x y= ). 
When Eq. (1) is subjected to Dirichlet boundary 
conditions (John, F., 1978), we have the following 
problem (a conduction heat transfer problem) 
 
( )
( )
( )
( )
2 2
2 2
1
2
3
4
0 0 ,0
, 0,0
, ,0
, 0 , 0
, 0 ,
T Tk q x L y H
x y
T f y x y H
T f y x L y H
T f x x L y
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= = < <
= = < <
= < < =
= < < =

 
(2) 
 
whose solution is easily obtained as (Wylie, C. R., 
1975) 
 
T = Ψ +Φ  (3) 
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in which Ψ  is any function such that (there exists 
infinitely many choices for Ψ ) 
 
( )
2 2
2 2
ˆ0 ,0 , ,
x y
q x L y H x y
k
 ∂ Ψ ∂ Ψ
+ = ∂ ∂ 
− < < < < Ψ = Ψ

 
(4) 
 
For instance, if constantq = , Ψ  may be given as 
 
( )2 2
4
q x y
k
Ψ = − +

 (5) 
 
So, the function Φ  must be such that 
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( ) ( )
( ) ( )
( ) ( )
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(6) 
 
The function Φ  may be represented as the following 
sum 
 
1 2 3 4φ φ φ φΦ = + + +  (7) 
 
in which 
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( ) ( )3 3
3
ˆ ,0 , 0 , 0
0, 0 ,
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(11) 
 
The functions 1 2 3 4,  ,   and  φ φ φ φ  are, therefore, 
given by (Carslaw, H. S. and Jaeger, J. C., 1959 ) 
 
( )
( ) ( ){ }
( ) ( ){ }
( )
1
1
1
0
2
1
2
0
3
, with
ˆ2 0,
, with
ˆ2 ,
n
n
H
n
n
n
H
n
n
n L x n yA senh sen
H H
n yf y y sen dy
H
A
n LH senh
H
n x n yA senh sen
H H
n yf y L y sen dy
H
A
n LH senh
H
n H y
A senh s
L
π π
φ
π
π
π π
φ
π
π
π
φ
∞
=
∞
=
−   =    
  
 −Ψ  
 =
 
 
 
   =    
   
 −Ψ  
 =
 
 
 
− 
=  
 
∑
∫
∑
∫
( ) ( ){ }
( ) ( ){ }
1
3
0
4
1
4
0
, with
ˆ2 ,0
, with
ˆ2 ,
n
L
n
n
n
L
n
n xen
L
n xf x x sen dx
L
A
n HL senh
L
n y n xA senh sen
L L
n xf x x H sen dx
L
A
n HL senh
L
π
π
π
π π
φ
π
π
∞
=
∞
=
 
 
 
 −Ψ  
 =
 
 
 
   =    
   
 −Ψ  
 =
 
 
 
∑
∫
∑
∫
 
(12) 
 
TEMPERATURE-DEPENDENT THERMAL  
CONDUCTIVITY 
 
It is remarkable that the thermal conductivity of 
any real material depends on the temperature 
(Goldberg, et al., 2001; Glassbrenner and Slack, 
1964; Gama, 2014). 
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Now, let us consider the steady-state conduction 
heat transfer problem with temperature-dependent 
thermal conductivity. In this case, instead of Eq. (2), 
we will have the following nonlinear problem (here 
( )k k T=  ) 
 
( )
( )
( )
( )
1
2
3
4
0
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(13) 
 
Problem (13) can not be solved with the tools used 
for solving (2). 
So, aiming to construct the exact solution of 
(13), let us introduce the Kirchhoff transformation as 
follows (Arpaci, V. S., 1966) 
 
( )
0
1 ˆ
T
REF
k d
k
ω ξ ξ= ∫  (14) 
 
in which REFk  is a positive constant (in general the 
thermal conductivity at a given temperature). From 
the Kirchhoff transformation we have that 
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and, therefore, problem (13) yields 
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(16) 
 
It is easy to see that the structure of Eq.(16) is 
exactly the one of Eq.(2). Hence, the procedure for 
solving Eq. (2) can  be  used  for  solving Eq.(16). 
Thus, the solution of Eq. (16) is given by the 
following equation (similar to Eq. (3)) 
 
ω = Ψ +Φ  (17) 
 
One more time, Ψ  is any function such that 
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The function Φ  may be, again, represented as in Eq. 
(7). In this case the functions 1 2 3 4,  ,   and  φ φ φ φ  are 
given by 
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(19) 
 
and, so, we have the exact solution of Eq.(16). 
 
OBTAINING T  FROM ω  
 
Since the thermal conductivity is an always 
positive valued function with a positive lower bound, 
the inverse of the Kirchhoff transformation is 
ensured. For instance, if we assume that the thermal 
conductivity is a piecewise constant function of the 
temperature as follows 
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( )
1 1
1
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we have 
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(21) 
 
So, the inverse is explicitly given by 
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2
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N
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  
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(22) 
 
CONCLUSIONS 
 
The steady-state conduction heat transfer 
problem in a heated plate consists of a phenomenon 
described in any textbook of heat transfer. 
Nevertheless, all the presented solutions assume that 
the thermal conductivity is a constant. 
In this work, with the aid of very simple tools, 
we have shown the solution of problems in which the 
thermal conductivity depends on the local 
temperature, as it is observed for any material. 
This work presents a new contribution for the 
spectrum of problems with available analytical 
solutions. 
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